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Introduction: What is constitutive law?

XTI BIDERZE XD : 5I5RD - [EiE

Con5|der one-dimensional deformation of a material: Extension and Compression

S g N
2SI Wi % ao
Before deformation\_ Cross-sectional area

Lzo

| Al ‘
%"{}FZ?& Cross-secttk;)jnal afeé: a
After deformation rg|¢}EV) .
| ! | ERAHF
Tensile force/Compressive force
Y Ny COREDEBFOT B
Strain l

Relationship that relates these two quantities:

T
. HROBRAl o = F (&)
C YA G::Z;

Constitutive law of the material

MRONFHNEE (BH~VFTHER) ZETIUCLIEER

“HT
Mathematical model of the mechanical properties of a material, i.e., stress vs strain relationship

Stress

C TR "HUNER" ZARGE

We assume “infinitesimal deformations.

Al <y (I~1y); a=ag
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Mechanical behavior of materials: Elasticity

P —BhsIRHER CHOND
Before de%:n?rjtiﬁo”n }'_t'_\jj NUT%Fﬁ{%O){yu

ly Al

‘ Examples of stress-strain relationship

typically observed in uniaxial tension test
After de%:r?jit?i%n( Cmss’sec[??ir@j%za : ( 519RY -
<
‘ / ’ Bzﬁﬁ'jj F Tensile force/Compressive force

&7 0 NV
Stress Stress
/

ﬁﬁﬂ‘: / /[;/%Tﬁ Unloading Loading 2

Loading .‘
S /
/| E Hooke®;EAI
|

Hooke's law

0 OS:}‘A € 0 O e

Strain

W o = Ee CHLUSE?
Linear elasticity What is this?
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Mechanical behavior of materials: Linear elasticity, Nonlinear elasticity

Q}Eﬁﬁﬁﬁ H’ﬁ'ﬁfﬁ a
Before deformation \_Cross-sectional area

ly Al

7 e = )
?éﬂi; f(i ( Crcssfsec[?i}gr@afﬁa a (
After deformation ‘

3130 -
/ ’ JEHE ST F Tensile force/Compressive force

&7 0 ?
Stress
ﬁ{tﬂ‘: / /[;/%Tﬁ Unloading
Loadiry /
/| E Hooke®iLAl
1

Hooke's law

0 [N Rz X

Strain

Wt o = Ee

Linear elasticity

—BhsIRHER CHOND
B~ FHEHRDB

Examples of stress-strain relationship
typically observed in uniaxial tension test

Il

Stress
/

ﬁﬁ{r / e I‘f%ﬁ Unloading
Loading

Y74

1Ef%
[BR1ET L CHIRVNEDH SR ]
/ Answer: It is impossible to know
without unloading.
[ X
Strain

PR U IeICENE EICRDIRS(E

If the material recovers its original shape,
ISR o = F (&)
Nonlinear elasticity

SOOI HOIREER TEZ BND.

Stress is given by a nonlinear function of strain.
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Mechanical behavior of materials: Elastoplasticity

BREI L ICRR(CEENE L (CRSRWEGSI(E?

What if the material does not recover its original shape after unloading?

Before deformation

ly Al

v ( Cadi

After elastoplastic deformation

PR 15 ( O

~

((wal459) ﬂ‘”_n;f
Ip

After unloading (stress released) MRS

Elastlc recovery

I Ag = EPAe

Elastoplasticity
(BRI U= PRIDMIBIEET)L)

I:I;F L/ l,\ H:Il (g (The figure on the right shows a typical behavior of the bilinear elastoplastic model.)
Eud £
E® =1\ EH

EFE+H

BE  HEBUERARE, BN~ HEFETERL,
ISINED~O T HEDEF TREIND.

Elastic response

Plastic response

Remark: The elastoplastic model is expressed as a stress increment vs strain increment relationship,

rather than a stress vs strain relationship.

o

Stress

- BRfar L7zt (C
i KAZENEDIHE

Initial yielding

ﬁﬁﬁ"‘f Unloading Permanent deformation remains
Reloadlngf / even after unloading.
0 d/ A
0 epP O e
Strain
%f&@ﬁiﬂ’&%fﬁfﬁﬂ: LT,
CTIRERCTETIUETS.

(/w =7 - EFILEWD. )

Simplify the actual behavior and
model it with two straight lines.
S o (It is called “bilinear model.”)

Stress F

0 &y e e, OFH €

Strain
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Constitutive laws of materials: Difference between “Elasticity” and “Elastoplasticity”

NN
oitriss_ __________ — —
Loading | Unloading
1
/4 / 1
1
1
1
1
/ |
1
0 ®
0 O e
Strain
&7 o
Stress F
oyl %
o = o

byl

N

Initial yielding P i fAf 3 ik
! Reloading 3
E E
0488
0 &0 e & OF'F €
Strain

Wt o =F(e)
Elasticity
ISHNOT HORRRZ /IR TEZ B5NS.
Stress is given by a linear/nonlinear function of strain.
Fﬁ]ﬁ@ﬁ?(i&"j‘@b‘)ﬂ, .
6N EOVT FHE—W—(CEMFRDITENS.
Regardless of the function form, stress and strain are related one-to-one.
DFD, EASNZO T H(CH U TUSHA—BHITRESD.
FEELMD.

In other words, stress is uniquely determined for a given strain, and vice versa.

HIBE Ao = E®PAc
Elastoplasticity
IS EVT HC—— DI IGEMRAEEN.
BFRIITDTENERDIDIE, MEDEDTET.

There is no one-to-one correspondence between stress and strain.
Only their increments can be correlated.

Td:-@‘-‘b\ ? Why?

SHEBMEMRIDIGE (FIREDIREL T TIEREST,

REF CISTEERUTT "EREDERE" (LK D TUSENELT D8,
The response of elastoplastic materials is not determined by the current state alone, but
also changes depending on the “history of deformation” experienced up to the present.



IR EST )L EAVWCRIES =1 L —2 3 > DEEFA

Industrial application of numerical simulation using elastoplastic constitutive model

Tim Brepols, Ivaylo N. Vladimirov, Stefanie Reese (2014) Numerical

Cyl i N d rica | CuU p d raWi ng Of as heet meta | comparison of isotropic hypo- and hyperelastic-based plasticity models

with application to industrial forming processes. International Journal of
Plasticity, Vol. 63, pp. 18-48.

Drawing force

Holding force
Blank

Die

Fig. 20. Schematic view of cylindrical cup drawing process.

,‘=======:;,,::§’
%

353
\0.

+6. 663e-02 +7.209e-02

(a) During forming phase (b) End of forming phase

Fig. 22. Cup drawing simulation: accumulated plastic strain in blank.
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Industrial application of numerical simulation using elastoplastic constitutive model

C | i n d ri ca | cu d raWi n Ivaylo N. Vladimirov, Michael P. Pietryga, Stefanie Reese (2010)

y p g Anisotropic finite elastoplasticity with nonlinear kinematic and isotropic
hardening and application to sheet metal forming. International Journal of
Plasticity, Vol. 26, pp. 659-687.

Fig. 6. Deep drawing. accumulated plastic strain a

Fig. 4. Tools in the cylindrical cup drawing process: (a) die, (b) holder, and (<) punch.

oy
2
///0/

Holder

1L

7

Fig. 7. Deep drawing. accumulated plastic strain at punch displacement u = 22 mm.

1111

Y2 §é

I 1

Fig. 5. Schematic view of the cup drawing process, from Yoon et al. (2004).
Fig. 8 Deep drawing. accumulated plastic strain at punch displacement u = 36 mm.



IR EST )L EAVWCRIES =1 L —2 3 > DEEFA

Industrial application of numerical simulation using elastoplastic constitutive model

DraW bend i n Of a Sheet metal Stri Tim Brepols, Ivaylo N. Vladimirov, Stefanie Reese (2014) Numerical
g p comparison of isotropic hypo- and hyperelastic-based plasticity models
with application to industrial forming processes. International Journal of

Plasticity, Vol. 63, pp. 18-48.

original final

as e sheet
position position
Fy J/
-— n
///
1 el
o
< roller
|
|
I
I _
: prescribed priie (g 75%)
A6 displacement 1330500 1 otae]
! 103 1830005
unloaded loaded — Heele L, ‘Eibre-05
springback angle: A6 v l 350505 13833000
+1.784e-02 +3.707e-02
+1.338e-02 +2.780e-02
‘6915(-}-03 +1.853e-02
9e-03 +9.267e-03
0000015000 0.000¢
Fig. 23. Schematic view of 90° draw bending process (idea from Li et al., 2002).
(a) During drawing phase (b) After drawing phase and end of spring-back

Fig. 24. Draw bending simulation: accumulated plastic strain in sheet metal strip.
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Topics covered in this lecture
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Some of the figures in this lecture slides (those with figure numbers) are quoted from the following reference book:
E. A. de Souza Neto, D. Peric, D. R. J. Owen (2008)

Computational Methods for Plasticity: Theory and Applications. Wiley. [ISBN: 978-0470694527]

(Japanese translation) K. Terada, ed. (2012) Morikita Publishing. [ISBN: 978-4627920217]
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What is plasticity theory?

[ Zé'lﬂfgﬁ&(g ? Plasticity theory?
BHEZZITIERICHFERE SN EE, #BEHARCKDSCEENEBEICRESTI,
KAZENED K DINARDHFEESH (CRE T DIEE.

A theory concerning the mechanical behavior of materials that, after being subjected to a load and then
unloaded, do not return to their original shape like elastic materials, but instead retain permanent deformation.

[ ZE'IE'{ZK E(F ?  Plastic material?
BMRCHFEER @Y (CEREBRL DS DIMBD L.
Materials that can be described appropriately in terms of their mechanical behavior using the plasticity theory.
&8, J>0U—b, 86 - #it - TREDZ<OMMHE, TEFTRDRSEHRA
RBIET (CBITDINFEBSZEMARE U TETIUETEDZENZL.

Many materials, such as metals, concrete, rocks, clay, and soil, can often be modeled as plastic materials in terms of
their mechanical behavior under various conditions encountered in engineering.

@ REMIF!E (rate-dependent), REIFMKTFH (rate-independent)
O T HREMRFE © (IPVWER /DD <D UREFETOMBISEDIEL

Strain-rate dependency Difference in material responses in rapid and slow deformations
T  oU—=2, USoE—>3>iE

Time dependency  Creep, relaxation, etc.
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Topics covered in this lecture

BEISA ROEO—ED
IR AIRE:

SMINTNZED) B TFROSEBHENSEIALTHENET.

BRI OIRIR SR, FRILEMR, 2012. [ISBN: 978-4627920217]
Some of the figures in this lecture slides (those with figure numbers) are quoted from the following reference book:
E. A. de Souza Neto, D. Peri¢, D. R. J. Owen (2008)

Computational Methods for Plasticity: Theory and Applications. Wiley. [ISBN: 978-0470694527]
(Japanese translation) K. Terada, ed. (2012) Morikita Publishing. [ISBN: 978-4627920217]

@ SHIBEASAE]
— SN~V T HEF OISRV



—EH5 5RER (CAH SN DMRIE DIRRBIER

Phenomenological observation of a material behavior in a uniaxial tension test

@ 1E1E1: 0, > Y,

é T4 Process 1
é BiEs . 5 — O HEER (T (FELR. Almost linear stress-strain behavior.
<z - - - Process 5 _ ! S
R 0, ~Y, BTlREIT3&, 0,ICRS.
2 I e If unloaded in O, ~ Y;, the material returns to the original shape at 0, .
E o COBIOFE (S HIE.  Ernzan s miss
= The behavior within this range is elastic.
b . - “Linear elasticity” if the response is linear.
- @ EiF2 : ¥, > Z,
izl [ el | ages Process 2
Process 3 NWEBRDE, IBH-0UT HEROMESEN v, LETLD
BN LIRD.
@ O > When the stress exceeds Y, the slope of the curve decreases more rapidly
-P $H]7TJ_I-E_|U§;37‘ Axial strain than before.
@ BFE3 : Z, >0,
B 6.1 fEHEGED 1Sl Process 3 _
Fig. 6.1 Uniaxial tension test for ductile metals. Z ) bﬂ%{ﬂk,u\itﬂ‘ﬂj L/_CZE 0 (TR bT
0 (CRED ’ KAZR (BHEOIT H 8p ) 3.
. \L%*EDE4’\/5 : 01 - Yl N Z1 Even when unloaded from Z, to a stress-free state, it does not return to

. 3 - »
Process 4 to 5 the origin 0, but returns to O, leaving permanent deformation &”.

O, ~ Y, EIOBHAEIRE, BRERIR Z, ~ 0, CEFEAL (RBCEETEVNSS = BIEEFTILTER etc) .

The reloading curve between O, ~ ¥, is almost |dent|ca| to the unloading curve between Z, ~O,. (In reality, there may be slight differences,

01 _ Y1 RCRET 3 &, 01 CED ) TS B (A TR0, which are considered in the damage model.)

When unloaded within the range O, ~ ¥, it returns to O,, without evolution of plastic strain.

Y ZBADE, HROIES (FEWNELKRD, HIRBRBREOITHNELD.

When the stress exceeds Y, the slope of the curve again decreases sharply at this point, and new plastic strain begins to evolve.
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Phenomenological observation of a material behavior in a uniaxial tension test

TR THESNDIMRZEEDOERIFE

é [eF Important characteristics of material behavior observed in this figure:
E: o §i§§57 LA [ 3%’@@6&5%%}7‘57] Elastic domain and Yield stress
E O ; MRIDSEENEE) 2R T L SIMGADEEN G0,
IS ' TOMREANTERZ R U TEEEER(FE O,
There is a range of stress in which the material exhibits elastic behavior, and no plastic
'I_é deformation evolves even if deformation is cycled within that range.
e Oy~ Y, & O, ~ Y, [FRXD - DDEI4HT,
e TNENICHILT D BRISH (3 Y, & ¥, THD.
IEBFE 1 Process 4 @ IO 0, ~ Y, and O, ~ Y, are two distinct elastic domains, and the corresponding yield stresses are
Process 1 @*53 y N 1
Process 3 pand Y, respectively.
X > 'H-3Zs s .
e ZE'HEBI&F'{* &EE'K‘E/}IL“ Plastic yielding and Plastic flow
O, > = e ) \
” o T BRGHZBZ CAEERITSE, BIEER B0
P i i WIS N “ y . o .
! ° Aodal strain (X 2R NED, BHOITHMMEINNTS.

When a material is subjected to a load exceeding the yield stress, plastic yielding or
- plastic flow occurs, and plastic strain increases*.
B 6.1 EfEdEe 1l ket e g - ' . -
Fig. 6.1 Uniaxial tension test for ductile metals. IR TS, REOETICHD CORSYPRRORIEE [FRE] (evolution) E&A
CENBD. = Hl: FER WIEEDOEN - BSOS ZEEDDER)
In plasticity theory, changes in physical quantities accompanying deformation are sometimes referred
to as “evolution.” = Ex: Evolution law (a law that determines how a physical quantity changes)

L EE'HE{'E'”: Plastic hardening
MR KD TIE, EEZERZOEINIC

O THRRGNIMET I BT 653, BIHZEROBINCH ST, BREHOLELHFENS.
Iz b (ZBIEERME) &R, Nz WEE (H2DUVEZEMREL) &SR
Some materials exhibit a decrease in yield stress as plastic The yield stress rises as plastic deformation increases. This is called hardening (or plastic hardening).
deformation increases. This is called softening (plastic softening). AT &P DENNCHES T, RIS ES Y()JI NHES )1 DIEH
RELIEDTULD.

As plastic strain £” increases, the yield stress at point Y] is greater than at point ¥, .
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Mathematical modeling based on phenomenological observations

& -O>0U—b - B8 - I132E, RAGHMBRHCHEL THRE=ND
MEIEENDIRSREREVIFEL

Phenomenological characteristics of material behavior commonly observed in various materials such as metal, concrete, rock, and soil:

. =108 iu‘ 2 A S ~
Efslt% d’;kmi nB jnﬁ{’_e‘ijgtress R T USRI EE L LS BT S HIINEAR
—XABHRICE> TR BREBN, TTICEIBEASTIE,
PR TR & PR ERNOHNES (SRD5LH-0THEH) ZFRTD
N T DBIBET L OISR EREES .

Note: The microscopic mechanisms that cause these phenomenological characteristics

Plastic yielding and Plastic flow

y vary greatly depending on the material, but the constitutive theory does not address
1
. Zjé |$E§{b this issue, focusing instead on constructing mathematical models that reproduce
Plastic hardening \macroscoplc material behavior (i.e., stress-strain behavior). Y,

Bt e SOEREIEROBER !
The purpose of constitutive theory including plasticity:
HROLS ICRERNCHEOT SNBHRON LB =,
TRIBEETRIATED EGABRET )L ZIBEITD L.

Constructing a constitutive model for a continuum body that can accurately represent the mechanical
behavior of materials characterized phenomenologically as described above.
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Formulation of one-dimensional elastoplastic constitutive law

FRTaTRRIE S Z, & The unloading start point Z, and the
ThA ﬁﬁﬁﬂ%@ﬂ%{kﬁﬁykﬁ Y, (& vield start ;l)lomt Y, actj reloading do o
1200, not generally coincide.
E oubF-—-———"-"-—=-—=—— - - - - = /' {’:J N z
o g
'l-Q Lo —= +Q Bopl - — = — — — = —
E g = E -<'(>—3 J
REREEN T

Bt - HRABAE .

Simplification and idealization - 3
o of experimental behavior ﬁﬁ'liiﬁiié'liiﬁw
e o Bl ME R E
FRTETEE C RES .

DI HVREBIEZRZA Slight plastic deformation
£ BT MDD, may occur even during

unloading process.
>

Assume a clear boundary between
the elastic and plastic domains.

O

=P MO T H

Axial strain

5@ H

Axial strain

B 6.1 GEPERIEe 1|

Fig. 6.1 Uniaxial tension test for ductile metals.

@ HiLL - EARL(ICH T DIRE :

Assumptions in simplification and idealization:

PREDBIE Z, - O, CEERERE 0 -1, LOEVWEERL, REkins Z
Baf ?é@ﬁmﬁﬁ-ﬁﬂn,m Y, Z&2[R@— té'ﬂa?

Ignoring the difference between the unloading process Z, — O, and the reloading process O, — Y;, the unloading start point 7, and
the yield start point Y] after reloading are considered to be the same.

g%'liﬁk tgﬁﬂllﬂjﬁo)ﬁﬂ Hﬁrd:iﬁ’?? 1 Y ' Yl A clear boundary between the elastic and plastic domains
ﬂﬁfé'liz’E?‘) l/@iit'fbb‘g% (Z This facilitates the formulation of an elastoplastic model.

6.2 1 @iIRAEIC BT 2 e T
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Formulation of one-dimensional elastoplastic constitutive law

e 00 &~ YE), 01 — Y] (igilli{ii‘(—. are elastic domains

Th
R @25 COMTHE,/BamEddL, HENICRURBZIZESD.
-Ié_" " p;rLo_cesis 5 Z) When unloaded or reloaded within these domains, the material follows the
T same path elastically.
] i TR s g o N ) . N
B2 B SHIBME A DB : V), Y,
Transition point from elastic domain to elastoplastic domain:
a
~ —— (W — Y G —
B3 @ O, NWoEEZERICHELTERDE,
- Process 3 Ww
. 0, =Y, =Y, - Z O g Z22ED.
& BFE
Process 1 Process 4 I When a monotonic load is applied from O, ,
I the path O, - ¥, —» Y, — Z, (virgin curve) is followed.
Uy !
7550 H @ O, —~Y, - BOKE (T @) "SERELT,
Axial strain O, ~Y, BICHD8UE, BRfE - BREICH LT
It ERT .
O — e After unloading from the loaded state O, —» Y, = ¥, (point @ in the figure),
B 6.2 TRl B0 e r»\ the material exhibits elastic behavior in 51 ~ Ylofor ulnloading and reloading.
EEREH T - BRI LIS - 09 HRbER R .
Stfress—s‘q’a\'n CU(\E)E Sbt?ihed by simplification and idealization %@@*EIDET“, Eéll‘/:tog*a’. Sp tl}%{*mjj o) (g:z:g.
of experimental behavior The plastic strain £P and the yield stress oy remain unchanged during this process.

@0,-Y M, -y MoEwERIR: 0 = E(e — &)

The equation describing the paths in the elastic domains

G~Toand 0~ P NWHIEED
8 s X — &% is the origin of the elastic response.
Equation expressing reversible elastic behavior: REERi |‘$§/§}JE?§3’§S : gﬁ(;fa}j TWna. (Points Oy, O, in the figure)
(Linear elasticity is assumed here.) (S TR ZARTE) (EFIOD 00 5 0] )
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Formulation of one-dimensional elastoplastic constitutive law

@ U9 H & DINEDNRE < HIERTD + BN

Additive decomposition of strain  &nto elastic part and plastic part 70
F e (Z5HME (elastic), "
T p (FZBI% (plastic) DELK.

The superscripts “e” and “p” mean the
“elastic” and “plastic”, respectively.

e = & + &P
l_Y_Jl_Y_I

HHOYH (A1) BHOYH GFo)

Elastic strain (reversible) Plastic strain (irreversible)

0y

V3% & NERBNELEE, ~
EDESCHIE - BEEBDC  ygyucr i pemirss LT ‘

= yi g
?’I—_Y D ﬁ(/jbﬂ%@b\ ? sp D\T}z&b 5“5 B 6.2 1 6hssEaREIcE T 28T 7L
How is a given strain £ decomposed to elastic - H%ﬁﬂ;ﬁﬁ?) L 'J.Z‘A (3k) Fig. 6.2 Idealized elastoplastic model for uniaxial tension test

and plastic parts?
Plastic strain &P is obtained by integrating the plastic flow rule over time.

= Time-integration algorithm (explained later)

. 3$'|$$§EEEU Elasticity constitutive law
0, ~Y,f8, O ~Y, MoEigzRIN: 0 =E(e—¢&")

The equation describing the paths in the elastic domains O, ~ Yjand O, ~ Y;

O HOMERDAR (L) ZRA0VNE,
Using the additive decomposition of the strain (above), we have
e=e- ~» o=E& = BHITEUOTHTRES.

A stress is determined by the elastic strain.
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Formulation of one-dimensional elastoplastic constitutive law

@ sHEtIE, [FRISH, FABER
Elastic domain, Yield stress, Yield function

BHARIGH oy ZIRFMUE &I DI DEH “HMHE" 135S,

There is a range of stress called the “Elastic domain” with the yield stress ¢ as the limit value.

CCTIEBIRA EEMBRITRRIE N EREC EMRELT,

We assuming here that the yield stress is the same on the tension side and the compression side.

@ (AR : (0, 0y) = |o| -0y
Yield function
M T(E —oy < 0 < 0y 1RDT,
Since -0y <O <0y holds in the elastic domain,
® 3ty . &= {0 | ®(0,0y) <0}

Elastic domain

Ty (FBHK (yield)
The subscript “y” means “yield.”
RN IS %=
R IS DEFE"
The “range of stress” within

which the material exhibits
elastic behavior

WHVRDEFREBETE, ISHEBERIENZBZZV (|| < oy).

The stress never exceeds the yield stress at any deformation process, namely, |o| < oy always holds.

DFED, O(c,0y) > 0 [CERU TSR,

In other words, ® (o, oy) > 0 never happens.
FET\jj (3: The stress exists

(I) §$'|$EJZODWE.‘I3 . (D(O', O'y) < O within the elastic domain, or
Fzl&

(il) SBEDIER L © O(0,0y) =0 (BFRRFR)
)] \fﬂb‘(:ﬁﬁ?% . on the boundary of elastic domain (yield limit).

PAMEEHBYEFZSIG 7] Plastically admissible stress
L2 (i) or (ii) ZFEIZIISH

(The stress that satisfies (i) or (ii) above.)

B 6.2 1d59

@

B

Elastic domain\

fited (155) OEEISEE

Note the range of the vertical axis (stress)

B B HfHET L
Fig. 6.2 Idealized elastoplastic model for uniaxial tension test

Tension

0

Compression
-—

6.3 1 8iEFLICET 2 HERL
Fig. 6.3 Elastic domain in 1D plasticity model
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Formulation of one-dimensional elastoplastic constitutive law
. B&'fﬁ%’—% Yield criterion

@ (i) [IENNHMEHDABRBICHDEE 1 P(o,0y) <0

When the stress exists within the elastic domain:

SHEOFT HIZTT "2 BED 1 Only elastic strain causes “change,” while
BIEOIT HD "ZAb" (FAE /R, plastic strain does not cause “change.”

P =0 =Lrtfizn Ry (CER
Note the superscript “dot,” which means “no change.”

("Z{g"=0Z=FKLTWND!)

® (i) BN BEHEDIER L [CHBEE : (0, 0y) =0
When the stress exists on the boundary of the elastic domain:
—EBOOBENEZ SNS. (FFARER : KD @)

There are two possible responses. (Yield limit: @ in the figure)

(ii—a) ép =0 : gﬁ'lﬂfﬁ%ﬁfﬂﬁ Elastic unloading
(BBHEO I HDEEFECRL. )
(No change in plastic strain.)
(Il-b) ép * O ; ﬂ'l&ﬁﬁﬂﬁ Plastic loading
(BHOTHICEINELS. )

(Change in plastic strain occurs.)

B 6.2 18RRI BT 58T T
Fig. 6.2 Idealized elastoplastic model for uniaxial tension test

SR

Elastic domain \

0

Compression
-—

(B2
—0,
__4»-—/’
(ii-b)
6.3 1 8hEFuiciT 5k
Fig. 6.3 Elastic domain in 1D plasticity model
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Formulation of one-dimensional elastoplastic constitutive law

B BitamE (515R)
. Plastjﬁ‘!oading (extension)
@ ZEMETRNEA plastic flow rule (@)

BHOT H e’ DEAL R evolution) DL % " “\‘
MIET %8

Rule that governs the evolution of plastic strain &P 0

S BRAET

Elastic unloading

SHIERRTET

P Elastic unloading

A ETE (JE#E) Plastic loading (comprssion)
6.3 1 BlEFLICET 2 HERL

JEANHEIERDIER £ (AR (CHo> TEEHERDES,

When the stress lies on the boundary of the elastic domain (yield limit) and in the case of plastic loading,

@ (a) 5I5RDEE (0 >0)

= | BIERNA &P = ysign(o)
[EDBHOT H (rvzr) HET Plastic flow rule S
Positive plastic strain (extension) develops. =3 5
SP > 0 Magnitude Direction of plastic strain rate

(extension or compression)

YV EBMETRER Plastic multiplier
BHOTHEREDARETZTEDD

@ (b) [EMEDLEE (0 <0) I (2 0) DAAS— © A5 R3RBICHEERT.
Comp‘ressive o o — sign(a') : FFS %Y (signum function)
BNV TH (2w HET BV T HDEALHEEEDS.
Negative plastic strain (compression) develops. Non-negative scalar that defines the magnitude

of plastic strain rate = Slide page 33

. +1 (0 >0) = HUDBEOTHHET
51gn(a') = Tensile plastic strai\n de\‘/‘elopi.
-1 (0 <0) = EEOEEVTHIET

Compressive plastic strain develops.

&P <0
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Formulation of one-dimensional elastoplastic constitutive law

@ S/ BRI » BEETNER T DNENZIRE T DFM
Loading/unloading condition

Condition that determines whether plastic strain will progress

 BBERRVETEIS NS, HEBORE (D < 0) F2lE
SEMEEMIESR E (AR (O =0) (CFETD.
Plastically admissible stress exists within the elastic domain (® < () ) or

. > 0 . ;F% @2’34&%@( on the boundary of the elastic domain (® = (} ).

y - Nonjn;gative plastic multiplier

o

y® =0 : 1R i

Complementarity condition A i \
-3 WHAZ 72 0 A
SARFHIESRATOORER M
Interpretation of the complementarity condition: —
@ HHR TV I HREFTOLRD ! — g
No plastic strain rate in the elastic domain:
|0-| <oy ~> Dd<0 ~ )’ =0 - éP = )'/sign(O') =0 B 6.3 1870k 2k

@ [T |o| MRIEDFRICS oy (C—HTDEETDFH, BHERNMNELD :
Plastic flow occurs ( &P # () only when the stress |o-| coincides with the current yield stress Oy
lol=0y ~» ®=0 ~ >0 .. & =ysign(o)+#0
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Formulation of one-dimensional elastoplastic constitutive law

TICHEDRRIGH oy D_EFDIESZTESD KR

Rule that determines the increase in yield stress o, accompanylng an increase in plastic strain g?

@ FELE] = BEOTH P Dit]

Hardening rule

(RIS oy % RIEBEOTH & O Z

BIEC I HUE KL, &P FEEBDRERIS -, ‘
Yield stress after &P developed ==q=< 0= AR EP

Consider the yield stress 07y as a function of accumulated

plastic strain £P.
oy = oy (&) & = 0 D L EDIRIESI~ = T &
Initial yield stress at &P =0 7 | —

ZT (BHm0) RERMEOTHE

where we introduce the accumulated plastic strain (in the axial direction):

t t
gb = [ |eP|dt= [ ydr
0

P DEMNICHDT
oy EFTS.

Oy rises as &P increases.

)

t
=o-F-" / &P dr )
Remark: 0
E4E (B) OBEOTHRE (&P <0) ([CL> THRRAIGH
MET (BBHEEME) 93K IRBRETILITESRBNELDIC,
Ffz, 55K - EfERAEOBEOT HOEEEEBRICAN
2lzs, 1EEEED LTS,

6.2 1 EslRNEC B B HIEE TV

o, (") .
/Zﬁ o
, BIZ(E, TOXSBIFHOBLEENEZSND.

For example, such a nonlinear hardening curve can be considered

P
doy(8”) . e @Eemomm)

Bﬁﬁiﬁfiq?‘] Yield stress

The absolute value is integrated to avoid a model in which the yield

stress decreases (plastic softening) due to the negative plastic strain _ _

rate of compression ( £P < (), and to take into account the effects of O'y = o'y(sp) H(Sp) = =
\plastic strain in both the tensile and compressive directions. D dgp Hardening modulus (Slope of the hardening curve)
- N

e « BMERNA &8 = ysign(o) £D, 0 o : e

Supplementary: Using the plastic flow rule, we have 4 :.:|’;'EUT§A37~ ) BRI BEEAZ MR EER &

Accumulated plastic strain i = iiem = 2 iy
6.4 1JILEFIvic B BHHLIE MEERERDIER(CE DV TEDD.
Fig. 6.4 Hardening curve in 1D plasticity model. o ;/A—IXE,‘/ '{

&P = ’ép| = |)'/ sign(o-)| =y J

\
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Formulation of one-dimensional elastoplastic constitutive law

(LRI B ARG

Representative examples of hardening rule:

® SEEE (5c2=#2%) : oy = oy (const.)

Non-hardening (perfect plasticity)

® fRHE(E © oy = oy + HEP

@ Ludwik OREER (1909) : o = ory0 + H(E)™

@ Hollomon MEE{LAN (1945) : oy = C1(EP)™

® Swift DEE{ERI (1952) : oy = Co(&) + EP)™

® Voce MIE(EAI (1948) @ 0y = Ty — (Oyeo — Oy0) exp[—aEP]

600,

600 600 100 —
a=
— S 500 m =0 = 500 @=20
s Swift hardening law: S
= S a00p Ty = @0+ ny =02 . 400+
& i > = 500MPa, & = 0.002 g Ne =10
% % 300 % 300
5 £ & @=0
b7 @ 2
2z =) = 200
) . . 2 8
= Ludwik hardemn? Iiw: >~ >~ Voce hardening law:
100 oy = oy + HE) 100 Ty = Oyeo — (0yoo — Oy0) xp[—a&®]
oy0 = 235MPa, H = 265MPa g0 = 235MPa, crym =500 MPa
0 . . . .
0 0.1 0.2 0.3 O0 0 1 0 2 03

Plastic strain, E° Plastic strain, E° Plastic strain, E°
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Summary of one-dimensional elastoplastic constitutive law

O vFTHONMEDE: ¢ = & + &P

Decomposition of strain in additive form — [ @R) CCTIHRASEIEER AR U, JESRARIEER )
HEOTH  BHEOTH Bl o = 0 (&%) 3. EFFOBE, HIHHMRET
Elastic strain Plastic strain Young$®£5 (:Eg&—c(;r&< ,
@ wHERA . o = E&C E(et) = 97
Elasticity constitutive law de®

LD, e DD, HIEERRRITE & & o H\ 3
o —DBR(CHDDT, HIEHERFRI o DBEEREEX S
© BREH: O(0.0y) =|0| -0y <0 EETED.

Yield function Remark: We can also consider nonlinear elasticity o= = 0-(¢°) , whose elasticity
modulus is not constant, and is given by the derivative of stress with respect to

\_ elastic strain as shown above. J
O ZEENEl: &P = ysign(o)
Plastic flow rule L\ ) p N
KZE B fiE1) 2K, 2RV TERILRIZRIBECHITIORE
Magnitude Direction EU:;FH%,'@_%
Remark 1: The latter equation corresponds to the evolution equation of internal
9 ﬁ El —p =p . variable when the hardening rule is expressed in terms of internal variable.
(LRI . oy =0y(&P); &P =y WR2) CCCRIHSTARAER LY, B H
Hardening rule e UTHFAR LRI BRGNS ¢ oy = 0oyo + HEP
Remark 2: While the former equation represents a nonlinear hardening rule, we can
also consider a simple linear hardening rule oy = oy + H&" with a constant
\_ hardening modulus H. )

O ahE/BEEE: ¢<0,y>0, yO=0

Loading/unloading criterion



TRITHZBIEIERL A : “REAZ” i8R INDE

One-dimensional elastoplastic constitutive law: Derivation of constitutive equation in “rate form”

SBERNEI @ : & = sign(o) T, BUHEE y HSRER ST o
298
¥ (= 0) DIRESE(G ?

BEEEOFHRP(E, ISHEECERARRLCHSD. 7 007
t>T, BB O (&,

®(o,0y) =|o| -0y =0 = CODEE

remains zero during plastic loading

bd=0 = gé\%ﬁ: (consistency condition)

. dlo| . doy. LR @:
=4 T @l =0 | mma@®
— sign(o-) — H(ép) 6.2 1 @l 50 s 5 e 7Y
TB{LIRER

FRE @, @ODEREFENSENMMD ¢ = E(¢ &), BXU @, @ =HlHH»ENED L,

V= 5o sien(o)é BMEEN, BURE Y HEDSNLE.
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One-dimensional elastoplastic constitutive law: Derivation of constitutive equation in “rate form”

TRTTHEIBIEDIS] — S HRIFROAIEC (FEEROMEE) (&2

Tangential slope of the stress vs strain curve in 1D elastoplasticity?

@ (i) 5HEEL or HMAEFRAID &

Change in stress within the elastic domain or elastic unloading process

BT @ OFRER o = E€° = E(e - &) &
P =0&KD,

O =FE& < FEROURT ‘" BRI

1D "elastic” constitutive equation in rate form

. (II) ﬂ'ligﬁ@ (‘:_ g Plastic loading process

o = E(é - &) (CEBERNEAI @ & = ysign(o) &

E
RIAZSA ROBER 7= sign(o)é ZHXA LT,

6.2 1 hulRAEIC BT 5 e 7L

2 €p ~ o > o — 1% \ s
0 = E®Pé o mEROURTT “SHEA%" BR
1D "elastoplastic” constitutive equation in rate form
- = 7% ep . EH Nt T e b
ZZ°C, E7 = D DRTTHEBMHEIRREL
E + H 1D elastoplastic tangent modulus




HE  BIEOI H “EE" ZHVNDDEREN ?

Remark: Why do we use the “rate” of plastic strain?

CCTERZTWVWBDEEEERE - B (CIFKTF (Rate/time-independent) MAERKAIIZ D 7=(37.
ZHEDE0OE(CRBDMBUEEDER (BEPEEMRFE) ¥, 2U—-2, USoT—3 3> EriF %
[FZELTULWRWCERENDSTY, BHEOITHRE ¢ ZHNDIDEFREN?

Why use the “rate” of plastic strain &P when considering rate/time-independent model rather than rate/time-dependent model?

Ht & BHEOVTHD—H— G 7

Elasticity One-to-one correspondence between stress and strain

e JTIZU T3] (hypo-elasticity)(d: of--mm -2

o =Eg" zomrocEmu.
While not the case in “hypo-elasticity.”
WA =& —X—XEHE |
Elastoplasticity No one-to-one correspondence!

MEMREF TICEDKDRERZZERUIENC

K0T, EBHNERLRD. « BEEECIKF I 24

The material response depends on the deformation history the material has
undergone to the present state. == Material dependent on deformation history

SHIBMT(E, HBEDVTHIC

XU TRAFRLIMEZIRD 53 !
In elastoplasticity, stress can take various
values for a given strain.

HBHOBRENEZSNDDT, MROYEPRENSIRECED SR
TODFCJJ/QH/O)J:JR%': & bt‘tj’\g_épé(gi SH (IR | -
Due to the countless possible histories, it is practically impossible to express B 6.2 1#3IHABC K 2HffT 7L

the stress/deformation history undergone by the material from its initial state
to the present with a single equation!

K222 DB SR "RER" TRARLUT, "RE" ZEEED T L TREZERE.

The rate of change over time is expressed as a “rate form,” and the history is taken into account by integrating the “rate” over time.

DR, BHUEER/ (S A—4 1 (CREAT M EREEEZS. B &P =de/dt )

To this end, consider the differential coefficient with respect to the pseudo-time parameter 7. (;EE C TR (LSRR c‘_’_ﬂﬁﬁ?]'f$)
/. . N e 7N
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Topics covered in this lecture

BEISA ROEO—ED
IR AIRE:

SMINTNZED) B TFROSEBHENSEIALTHENET.

BRI OIRIR SR, FRILEMR, 2012. [ISBN: 978-4627920217]
Some of the figures in this lecture slides (those with figure numbers) are quoted from the following reference book:
E. A. de Souza Neto, D. Peri¢, D. R. J. Owen (2008)

Computational Methods for Plasticity: Theory and Applications. Wiley. [ISBN: 978-0470694527]
(Japanese translation) K. Terada, ed. (2012) Morikita Publishing. [ISBN: 978-4627920217]

@ HIBEERE!

— IRTETINAD—RE
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Generalization to three-dimensional constitutive law

TRTTHEBIEBRAIDEMIEE BN ER (Fid)

Overall structure and components of 1D elastoplastic constitutive law:
” Ug‘-‘aj_o)bu%ﬁﬁg A;idtiti\_/e decomposition
Oof strain
9 g%'lﬂf*ﬁﬁiﬂl Elastic constitutive law
R " 3 N I=PANy
e B—‘%‘k EEEJ’;';& Yield function IAEO)i\ﬁE t :5 ! — IR ~ 1N
BEARNIHEH TN EZD SR,

2= ) ) ;
e EE IéE;}ILn,E\IJ Plastic flow rule The basic framework remains the same even in the 3D model.

9 ﬁﬁ{t,ﬁ\l Hardening rule & 3;X7TE*%EEE\IJ/\_}HQ1I:
Generalization to 3D constitutive model
6 %ﬁ/ﬁl‘%ﬁ%ﬁ Loading/unloading criterion

1TRTT/ 3IRTTAEREI TR\ NFEEDHEE

Differences in mechanical quantities used in 1D and 3D constitutive models

TRTDZE

One-dimensional case

3RTDIE

Three-dimensional case

Jl_E\jj Stress g (RH=>-) (02 (2BED7T>V)L)
O H strain E (ZH5-) &€ (BEDF>V)IL)

Second-order tensor

D¢, D umos>vil)

Fourth-order tensor

Scalar

AT E, E® (ins)

Scalar ‘ Second-order tensor
Tangent modulus Scalar ‘
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Generalization to three-dimensional constitutive law

TRTTIBRRANIZZ R — R (CIRTTIBRREIN—RL T DIRDARA >

Key points when generalizing 1D constitutive model to 3D model

@ EXLICHWSEZE: XBZ5— => 7>V
Quantities used in the formulation (1 U’Q;ﬂgﬁz,ﬁﬂ) (3;)/3773*%532/@!”)

Scalar (in 1D model) Tensor (in 3D model)

= TOYVILDOEANEEB (CERENVE | 7 >V I)LOEE or
Careful consideration of the fundamental properties of tensors is necessary: Objectivity of tensors or

AR BRAIETERNE T DRIC, EREEFT2VT OVILZRWNTIIRSIENENDDIFTIFR.
EREEFFT2VT VI ERVWTERMESNIZBREITH > TE, METEHREOFRE (i) =&z
UTTONFASRERE L. ERIC, BREEFTRVERABERERE TH DT> VILERVZERAID
EREFEITONTNS. B : BEERBESRB LT V)L ERZBEIEERAID L)

Note: When formulating constitutive laws, it is not necessary to avoid using non-objective tensors. As long as the constitutive
law satisfies the principle of material objectivity (described later), there is no problem using non-objective tensors. In fact,

observer-invariant tensors, which are not objective, are often used in constitutive formulations. (Example: Hyperelastic
constitutive models expressed in terms of observer-invariant tensors defined on a reference configuration.)
~

@ BRAINSRITHCINSTHS | [EZEIEDRE

Essential property that must be satisfied by any constitutive laws: “Principle of material objectivity”

['MEOHEERNEDRE] ERRTEEHD.

Also referred to as “Principle of material frame-indifference”
CHUSBRR AN Bz g RS
%’0): (‘:. . 7__>y) I/OD'HEE(‘:. This refers to the property that any constitutive model
L/_COD rgﬁ,l‘ij t(iﬂ”@gﬁ must satisfy. It is a completely distinct issue from the
=

term "objectivity” indicating a property of tensors.



BEARSIR T OVILOERREELLUTOD [FEIE]

Fundamental: An essential property of tensors: “Objectivity”

EHRANZ(CHNT, ZEADALE x A ¢ (CHITDYVIEEDOREZEHATD
gllET [EER] 0D,

In continuum mechanics, an observer who observes a state of physical quantities at a position in space, x,
and at a time, ¢, is called a "reference frame".

BlE5 Q TSN BRDNCDDEER 0, 0" Z2EXD. MEBETNT
Hiteth 0% (C L DEVH NHERIIT DR P DUBRI N x, x* IFUTDOEDICEFZRDITENS.

Consider two reference frames, O and O* whose orientations differ
by a rotation @ . The position vectors of Point P, x and x*, observed
wa_reference frames, are related as follows:

x"=c+Q0x
¢ :Position vector of O relative to O*

Q : Proper orthogonal tensor (FE#&BE35> VL)
representing rotation that satisfies Q! = @7, detQ = +1

Qx (Observation by 0*)

Observation by the reference frame O*
%
ANS—: a

Scalar

~odL: o h*F

ISP ERGEED
Vector

REERTADT—,
" N7 RV, TVILDE
MFVIL: A

Second-order tensor

N DDEEROEAMES LT DL .

SCEIRIENGEE, TNTN. X (Observation by 0)
[BEHENDDE] £WD.

When the observed values of the two reference

frames are related as follows, they are called

HAER O (CKDEVR

Observation by the reference

oM frame O
-afc
N .
"objective quantities". %@/\‘/’Z,\i)—v—f’ : <@ ARS—: a
* 5 g s 7 _%\{\’2 K@ Scalar
a =d BEROEZDEVZ - R v e
E5 U Te & S [CBMEN feih e IR e RINL: b
* __ ZENSTE. HER 0% gmfiELve @ Vector
b” = Qb Reference frame @27 ~

thb— ~
1 % _ Q 4 QT These relationships mean that the quantities are

= V)|
observed as if they were rotated by the difference Second-order tensor
in the orientation of the reference frame.
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Fundamental: An essential requirements for constitutive laws: “Principle of materlal objectivity”

MREBDIHEL, BllE (BER) CXS5TARE . [MEEFHIEDRE ]
[MEDOHEERIMDIRIE ] ELRTEEHD.

Intrinsic property of a material must be invariant regardless of observers (reference frames): Principle of material objectivity
(or Principle of material frame-indifference)

Bl (IE EEENER DD DEAENSRAERZENT .

Ex. Consider two reference frames in different positions and orientations are observing a tensile test.

:
\\\ S "3
o - &2
/I’ 'iﬂill- E
m &
AR 0 O#EVAl
Observation by the reference frame O* Eﬁ,;,ﬁ\u *%ESZEJJ F'a-'ﬂ?ﬂl ?_- @HZ(JE&*@
ZR ARV F* Obsenetion (k53 AETIRS TS goegn 0 (EA
Deformation gradient tensor AR gﬁ%ﬂl‘(: KD _Cird:5 Observation by the reference frame O
= += ury R
ShHT=>I)L 0-* J:DT t MRIEBDMHEZ — .
L‘Str;;;nsor 3‘5_%&’_ U CANE *g | ZRAEET> VIl F

Deformation gradient tensor
The form of constitutive function ¥ must

be invariant regardless of reference BHTVIL o
o frames. If it is different depending on St el
1R 0' (F ) reference frames, it is not suitable as a
Constitutive equatlon constitutive function that describes the

intrinsic property of the material!
R o s o = F(F)

Reference frame Constitutive equation
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Fundamental: An essential requirements for constitutive laws: “Principle of materlal objectivity”

BRER(CVWR (FEER EBERDOMD S (ML TH D, H20EDDEERTEERRIMER

[CRECED. CITIIBRATESLBHEHELT, BAETNEN TR LS REERE -
= = A
FMEL, TORRERCTIEATIVIVETIRRLT, RocEmAlocdfamn EiFre. =
Strictly speaking, the reference frame and the coordinate system are independent, and thus even one reference frame can take a coordinate
system arbitrarily. Here, a simple example is introduced, in which two observers take their coordinate systems as shown in the figures, and a

they express the observed stress tensor in different matrix forms based on their coordinate systems, and then describe a yield function using

a specific component of stress, resulting in an incorrect constitutive description. -— OE)
: : 5 S £
\ =2 = 2+ 3
o) H" i X g
/‘ #\il- E
’ i : m &
ERDEZERTD
ST VILDITHIRIR
o 0 0 BAl TROBIZERTD
o = 0 O 0 Observation INYAaAY)) lz@ﬁ?']ﬁiﬁ, .
0 0 O 0 0 O
X o=|0 o 0
(1. 1)-BATZIFICEBLT, 0O 0 O
1 2VNESF C
@::a’ll—o'yzo'—a'y (%) 7‘;1 CD:ZO'H—O'yZO—O'y<O!?
RELERXTUED L. (1,1)-p3 &9 > & EORDT,
e o AR () CEHINERE

B (CFHBTSE /20N !

Reference frame
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Conclusion only: Generalization to three-dimensional constitutive law

1R TTAERK A 3R ToiERk Al
1D model 3D model
0 U?%@ﬂﬁf&'liﬁﬁ@ e = & + &P @ APhS5— g =& + &P @F>VYIL
(INED#R) I .
Additive decomposition of strain WIEOTH BIEOTH HIEUT I BHEOTH
B RERR Bl
e E? AR A o=E&g =2h5- o=D°:& =572Vl
asticity constitutive law
(CCTEFEHFRHEMEZRTE)
(sotropic linear elasticity is employed here)
© BHRBIZK vield function O(o,0y) =|o| -0y <0 O(o, A) =1, SO0 0
— Y >
2HS—25H FINJVEER k§)7\735—1@7_->‘J)I/F'*Elif(
e ZE'E%?,TLEJ Plastic flow rule &P = 0% SlgIl(O') w ANS— &P = ’)/N(O', A) w VI
S e
KEE 51 (E/EFBI56/EH) Ag= HE (FYIL)
6 ﬁﬁ'ﬂ:ﬂu Hardening rule oy = o'y(ép); gl = 0% A = A(a'); a = 'yH(a" A)
L ZEZ BRI D8RI & 7 N (SO N —
DFEREE S 2h5— KRES" DFH RSV REE AM (VL)

0O &7 /IRt

Loading/unloading criterion

®<0,y20, y0=0

O<0,y>0, yO =0 = 1xxniss
Fo<AURER

Identical form as 1D case
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Note: On the use of “internal variables” in the formulation of constitutive model

@ BMMRIDLDS(C, HEFTERUZ "BORER" (CIKFT D
MR DOIBRREID—RZHZ

o(x,t) =F (e(x,t—5),0< s <005 Xx,1)
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@ NEZH = FETEAERRRIDRIR 8
INSA—58: a = {aj,ar, -}
O'(x, f) = T(S(X, f), a’(x, f), X, T) NEPZE &S, GHREREEN S EHH B RE)
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WEPZHZ AW TR EEANDKFIEEERET 5.
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Topics covered in this lecture

BEISA ROEO—ED
IR AIRE:

SMINTNZED) B TFROSEBHENSEIALTHENET.

BRI OIRIR SR, FRILEMR, 2012. [ISBN: 978-4627920217]
Some of the figures in this lecture slides (those with figure numbers) are quoted from the following reference book:
E. A. de Souza Neto, D. Peri¢, D. R. J. Owen (2008)

Computational Methods for Plasticity: Theory and Applications. Wiley. [ISBN: 978-0470694527]
(Japanese translation) K. Terada, ed. (2012) Morikita Publishing. [ISBN: 978-4627920217]
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Various plasticity models

o %*E@EEHE:E}) L Various plasticity models

@ JA> - E—TFREFIL, SLABEFTIL, RSYH— - TSH-FEFIL,
E—I)L - O—-0O2FF)L,

von Mises model, Tresca model, Drucker—Prager model, Mohr—Coulomb model,

® RABBUESTIL : ECHEICT, ECHERD?

Various plasticity models: What is the same, and what is the difference?
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Various plasticity models

SESFRHBEET)LIGDIN - - -
ECHHET, ETHERDDN?
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_________________
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Ag= HE (FZYIL) E7z, “BEE IR DB RN AN 5B,
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K== A (F2UIL)
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Various plasticity models: Yield function

SESFRHBEET)LIGDIN - - -
ECHHET, ETHERDDN?
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Various plasticity models: Yield function

@ EHLHEMETIL
S AROBIENEER, MRDEINBEECHKELBVETIL
COESBEFILCE, BAMERITOVIL BRELT,

@ [FRBILNTHIZ T RS
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Stress invariants often used in the formulation of constitutive equations

Cauchylb 7> VL O

Cauchy stress tensor

® FIBELS :

Mean normal stress

@ [LHhF7>VILD
REAEE .
Deviatoric invariant
of stress tensor

@ Lodefs :

Lode angle

@ DEHNEERNDIHNDPI L,
BRRRIDERE(CEWDP T NARZE

Invariants that are suitable for formulating constitutive equations

1 1 XARIC &> TlodefaDERE N
p=zly=stro BRBTEEHBIDTER !

3 3 i
(sin, cos WIEEFSRE)

S 1/2
q = J;(Ilo-dev) / = \/g(_IIO-dev) / ::_C(j:,

B MR T @ =0°

3 3 g EREE @ = 60°
= \/;{Uf(("dev)z}l/2 = \/;Ilcrdevll EFEELTUVS.
1 Vel | 1 [3V3 I,
f:=—-cos | ———=|=—=cos
3 (I_Io'dev )3/2 3 2 (_IIO'dev )3/2

0<60<nr/3)
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Mechanical meaning of the stress invariants p, q, 0

1
@ FIFEEILT : ngtrcr (BISEZIE(CTESE

Mean normal stress

@ [HEHFEICHDAA—>

p p
* p p % JSHFT>VILD
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p p I ) p 0 0 p
: » =02=03=p

O',J =0 fori#j
p=0 :3I3&D p <0 : i (COETEHER: p<0)
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_ 3
@ LT UVILDREFRZEE : q= \/;Ila'devll >0

Deviatoric invariant of stress tensor

® I : —Fh5|5k - [EHELER

4—( ©—> 0 —BHIESIREE
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1
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J 20 0 0 q= 3
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Mechanical meaning of the stress invariants p, q, 6

_ _ - 3
@ IEHF > VILDRERER : ¢ = \/jlla'devll > ()
Deviatoric invariant of stress tensor 2

@ 5l : WhASAARID =BT HEsRER, =BMAIREKER (L o nBEIEINEIRER)

loal = |oc] loal < o]

CDRDIFGIARREICDNTD
ISNFT 2 VILDITHIRREAREE(L,

1 01 02 0'1
i p=-(0,+20,) i

O,
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oS O
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o Q8 o

0 =lo, -0,| =@mEmN (EsE)
0
Y B 6=0" (IfiR), 60° (FE#)

Q

¢” (& "lateral confining stress” (I751ARIEHI)
a" (& "axial stress” (875 MIGT) DELK

"
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Mechanical meaning of the stress invariants p, q, 6

X#k(C LD TlodeBDEREH
BRBCEEHDIDTEER |

(sin, cos PIEEFSRE)

3 ZZTlE,
® Lodefs: 6= 1COS—I[M] O0<§<n/3) BEIMERE 0=0
Lode angle 3 {

372 SHRES =60’
tr (T g2} f%ﬁﬁ’f?ae o

@ Lodefs 0 : FRAEISH 0y EBA - BANESH 0y, 03 EOK/NEIRCHIT Bi5H=

1 60
=02203
b ~ Triaxial compression
50
o 0 -
¢ oy = (0 +03)/2
= 1203 =04 H] o 2 = (01 +03)/
5 . Triaxial extension @
= 3
=2
~ S )
3 0 o 30
= E
= o1 =02 =03 -]
o Triaxial compression 2 20
<
oy = (01 +03)/2
10 g1 202=03
__— Triaxial extension
-1 0 : .
o3 (o1 +03)/2 ol 03 (o1 +03)/2 o1

Intermediate principal stress, 0 Intermediate principal stress, 0
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Mechanical meaning of the stress invariants p, q, 6

3
@ lode: 6= lcos‘l[MgdeVQ/z
Lode angle 3 {tI' (O-dev)z}

@ B : #EAARID = F S IRIZHIEGHER
6 7= BFE (I

(o
3 ~ o

n stress point

= g ﬂD |
o : Lode angle .~
a, & s o

loF | N

1 -« Py

z
03 /
g2
y T o3
u 0-3 hydrostatic stress axis
(o) =02 =03)

W ERTEShE
RESHE (k) Eo
IIeval cdic

IR

XHAIC KD ClodeBDEZEN
BERBCEEHDDTER !

(sin, cos PIEEFSRE)

o
ZZTlE,
0<0<n/3) HUIHEEE 9=0
IR 6 = 60°

EEELTLS.

Fig. 2. Stress paths for true triaxial tests projected on octahedral
plane.
6,8 =0

P. V. Lade et al. (2008),

= e P . .
8= 300 5 -er Canadian Geotechnical Journal.

Three tests
Gy, 8 = 120° / c,=0.5,1.0and 2.0-p,

Lodefd @ (C&L> THRIGCHNERS.
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Various plasticity models: Shape of yield surface

EE}:_ISj] 0'1,0'2,0'3%_5

@ HRIDFREFIE — FRREDAA (SR BT = Sa (D8 (2
RiERTIEE ¢ By > /= Z2R8

T A R HBECEDI L,
ARSI Z ALV d (o, 4) = 0 ([FESNZERITIRTHE S LTERENS.

Hydrostatic stress axis
(o1=02=03=p)

COAMBICHIZFEFH
fREIGE CORAE

von Mises

von Mises a1

N 51 : von MisesETIL (18ik) DFHRTE
ii ZESHEMTET & MEH
1251
5% 0
N4

Iy o,

_ ; X (I ERAZ SR
fREIGHE (nFm)
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Various plasticity models: Shape of yield surface

@ 3 DDIGHAREE p, q,0 TRSNICRBOEMEEST)LDMFAREEL
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/
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Various plasticity models
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WeDHNBNTT

@ TrescaE>T )L
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@® von MisesEF )L
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Various plasticity models: von Mises model - Yield function

@ von MisesET)LDFIREIER

@ SNT 2 VILORERER g HERIEH o, [CETBE
O().q.0.0,)=9—0,  BEBRIELS.
© BREBC(REDS 0gey D "ATE" q RIIHEMERL,
EHEERD p (DFERDEND —p) FEZLRRL.

S0 FEARA I (SFE S " 47T

Pressure-insensitive yielding property

@ — 5| 5RER T DAFIR
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B 6.8 FIE%MIZE TS Tresca & von Mises DFE(R T ﬁ%mﬂﬁ
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0
_1
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Various plasticity models: Drucker-Prager model - Yield function

@ Drucker-Prager®7)LDRFREEEL g
B CHBNBHEE
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Pressure-sensitive (pressure-dependent) yielding property
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Various plasticity models: Shape of yield surface
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Various plasticity models: Shape of yield surface
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Various plasticity models

o %*E@EEHE:E}) L Various plasticity models

o ZIEDM{LA : IR, FHtEL, BEEL

Various hardening rules: non-hardening, isotropic hardening, kinematic hardening

® RABBUESTIL : ECHEICT, ECHERD?

Various plasticity models: What is the same, and what is the difference?
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Various plasticity models: Hardening rule
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Various plasticity models: Hardening rule
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Various plasticity models: Hardening rule

@ TE22% GEREIE) perfect plasticity (non-hardening) //«//@% """"""""""""""" o
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BERICHONEBMZERCL ST —ET,
(L LR,

Bﬁ'fj{lﬁﬂﬂﬁd}fﬁ% . HZLU( c KEX(FIAZ. SEORHRA
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@ E56E(EH Isotropic hardening rule
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@ BENE(LH] Kinematic hardening rule
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Various plasticity models: Hardening rule — Perfect plasticity (non-hardening)
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Various plasticity models: Hardening rule — Isotropic hardening rule
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Various plasticity models: Hardening rule — Kinematic hardening rule
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Various plasticity models: Hardening rule — Kinematic hardening rule
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Various plasticity models: Hardening rule — Kinematic hardening rule
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Topics covered in this lecture
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SMINTNZED) B TFROSEBHENSEIALTHENET.

BRI OIRIR SR, FRILEMR, 2012. [ISBN: 978-4627920217]
Some of the figures in this lecture slides (those with figure numbers) are quoted from the following reference book:
E. A. de Souza Neto, D. Peri¢, D. R. J. Owen (2008)

Computational Methods for Plasticity: Theory and Applications. Wiley. [ISBN: 978-0470694527]
(Japanese translation) K. Terada, ed. (2012) Morikita Publishing. [ISBN: 978-4627920217]
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What is viscosity?

FE —wmED “RED” DEAL

Viscosity Rate-dependent resistance of a material to deformation

ZHARE
*Z*Sid)j];"'}fﬂ’\]qiﬁﬁﬁ'b\ Deformation rate (:'ﬁkﬁ
Material property dependent on ﬁ:i@ﬁ%%ﬂ

Elapsed time

@ HERMEBEHN NS (CHRTF

Elastic property depends on the above factors

e BHRMEEN NS (THRTF

Plastic property depends on the above factors

:®}§¥T*&5 This lecture deals with

SHALZEIE (elasto-viscoplasticity) :  ERREDEBRECHLT,

Deformation rate and/or elapsed time

“SHIE + FEEBIE” (DT & (elasticity + viscoplasticity)

[FPOPVWERLEDD D UZZERT

ERONERS.

Resistance differs between rapid/slow deformations.
B DB (CE> TERNEITLEED,
JENHHEFUIZD D18 E.

Progress of deformation and relaxation of stress
along with elapsed time.

Fa# 4 (viscoelasticity)

THERME (viscoplasticity)

S (IIFRTE

Elasticity is independent on...

A (KTF

Plasticity is dependent on...
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What is viscosity?

® ﬁﬂﬂ"]@:*ﬁfé'lié%ﬂ Typical viscoplastic behaviors

o " € : (o)
5 e
)
€ 1 constant strain
él x é: < é} low stress
€ | time time
(a) U9 HRE (CHF LTI NISE (b) —EWHNTDOIU—-TUVT H () —EVI HTDILIHEM
Strain-rate dependence of Creeping at constant stress Stress relaxation at constant strain

stress response

WMETIL (= REHEE) GonsoxsaxBcann. @

Elasto-plastic model (= rate-independent) cannot represent these behaviors.

EEMEFRESILONE. ©

Rate-dependent model is required.



SEEBEES)L vs HAGEEETETIL

Elasto-plasticity vs Elasto-viscoplasticity

@ 5t + FREIFKIFDEEE SHZAE

Elasticity + Rate-independent plasticity Elasto-plasticity

= “ER" DB (JIHUIE N @ERDETIL. “ERGRE" 0 “RERIRE" (CHkF LR,

A model that gives “stress” corresponding to “deformation” and its “history,” not dependent on “deformation rate” or “elapsed time.”

g . .. . E . . Ff5l) HRAZSEME + SRAZAE( D
BHERNA] . &P = ysign(o), 7= T H sign(o)é LRITHIBEES L
Plastic flow rule + Ex.) 1D elasto-plastic model with

linear elasticity + linear hardening

@ 5t + REMRFDEEME SHRGZRE

Elasticity + Rate-dependent plasticity Elasto-viscoplasticity

= "R E'D BRI I2IITIRLK, "ERLRE" £ A (CBRUI It 5 X DETIL.

A model that gives “stress” corresponding to deformat|on and its “history,” as well as to “rate of deformation” and “elapsed time."
1[{|o] /e f5l) Peri¢ (1993) (CKD

10 A . . . 0- 1\,_,— vl ZE" —_

FEBERNAl . &P = ysign(o), y=— [(_) — 1] RTCHIBIEES )L

. g Ex.) 1D elasto-viscoplastic model by
Viscoplastic flow rule y Peric (1993)

CCT, M (FHEICETDESR (EOXTZED) , € (FRERME(CE I DERTDEL.

M is a material constant related to viscosity (having the dimension of time); € is a dimensionless constant related to rate sensitivity.



SEEBEES)L vs HAGEEETETIL

Elasto-plasticity vs Elasto-viscoplasticity

@ 5t + FREIFKIFDEEE SHZAE

Elasticity + Rate-independent plasticity Elasto-plasticity

= “ER" DB (JIHUIE N @ERDETIL. “ERGRE" 0 “RERIRE" (CHkF LR,

A model that gives “stress” corresponding to “deformation” and its “history,” not dependent on “deformation rate” or “elapsed time.”

g . .. . E . . Ff5l) HRAZSEME + SRAZAE( D
BHERNA] . &P = ysign(o), 7= T H sign(o)é TRTTHIBIEES L
Plastic flow rule + Ex.) 1D elasto-plastic model with

linear elasticity + linear hardening

(FYOWER /D> <D UERZR T EDTIFIRL).
They do not represent rapid/slow deformation.

ons “RERE" (&
FEUBFfE]) (S A —5 (CRET DD REL. T TRULTWS “BRE” (3, REOEBITERL,
" T : . EﬁjﬂtXQE@%%EE?Za%%G)JHHV &%@”7’&5
These “rates” mean the differential . — P °o— "

pseudo-time parameter. “Time" used here is merely a “pseudo-time parameter”
solely to describe the sequence of events that defines the
history of load process, rather than actual time.



SEEBEES)L vs HAGEEETETIL

Elasto-plasticity vs Elasto-viscoplasticity

ARD “"ERRE" DRKZED.

ERREN KRS METHNS “(FOVER" %, NS MRE S
INEVMETHNEL "D <D EUEER" %?fz@' RO (CB I D152,

They have the original meaning of “deformation rate.” Thesg ‘rates” mean the differential .

A large value indicates a high strain rate, i.e. “rapid deformation,” coefficients with respect to the actual time.

while a small value indicates a low strain rate, i.e. “slow deformation.”

@ 5t + REMRFDEEME SHRGZRE

Elasticity + Rate-dependent plasticity Elasto-viscoplasticity

= “ZER" DB TEIFTRL, "EREE" & IEEEE (CBIRU RH E5ADETIL.

A model that gives “stress” corresponding to deformat|on and its “history,” as well as to “rate of deformation” and “elapsed time."
1[{|o] /e #f5l) Peri¢ (1993) (CKD

| . o . . a 1\/—,— oy 9:.}2" —

HOBIERNAL : &P = ysign(c), 7=~ [(_) _ 1] RS BEETIL

. g Ex.) 1D elasto-viscoplastic model by
Viscoplastic flow rule y Peric (1993)

CCT, M (FHEICETDESR (EOXTZED) , € (FRERME(CE I DERTDEL.

M is a material constant related to viscosity (having the dimension of time); € is a dimensionless constant related to rate sensitivity.



SEEBEES)L vs HAGEEETETIL

Elasto-plasticity vs Elasto-viscoplasticity

TRTTHEBEESTIL

1D elastoplastic model

TRTTHAREMETIL

1D elasto-viscoplastic model

© VT HDEBHESR
(NED#£E)

Additive decomposition of strain

@ zuitiERk Al

Elasticity constitutive law
(C T TE>ESRAEMEZARGE)

(Isotropic linear elasticity is employed here.)

9 Bﬁ'fﬁﬁaéﬁ Yield function

Va mp¥r
a EE'Emuﬂﬂ' Plastic flow rule

e ﬁﬁ'ﬂﬁﬂu Hardening rule

AR RFR DT 2EmMAl &
DFEER

O a7 IRt

Loading/unloading criterion

e =¢& + &

®(o,0y) =|o|-0y <0

&P = ysign(o), v=

E+H

®<0, >0, y® =0

sign(o)é

e =¢& + &

D®>0DEEDH
FEBMEILEZ R T .
ZTNLIMIFHIEITE.

O (o, 0y) = |o| -0y

1/e
l[(m) —1] for ® > 0

&P = ysign(o), y={ul\oy
0 - for® <0
3
_ - @/Kﬁg#p@f/,
oy =0y(&P), &’ =y zﬁ“’)&f@@
NG
3 e,
'''''''''''''''''''''''''' 4/2'*).



FREBIEZEFNDKRIR

Description of viscoplastic behaviors

@ FHZBEZEEN Viscoplastic multiplier

1 |0_| l/e
y=—||— -1 for®>0 @ Peri¢ (1993) DZR

where ®(o,0y) = |o| — oy

iy,
ovenStre s):? é(/ 1S
® [HHDiETE SRR NEPS YR EBHO T HD
ISR DMEIHE |o| B BEIRIEH oy KDBRENELE, Y HAREL bk < 113,
@ /(S A—4 u NRZFVZFE, \
7 : Y hha< *EEQ'EU?%OD
@ FERE/(SA—H ¢ NAZTWN(FL, ETHVNE <12B.

* ‘§E = 1| \ 7-\
(] MRIEE u, € (FRERFEEBEIDZENSL. BENLRITIEFE U?%L&_ﬁkﬁlib gﬁ <133,
CNSDEFKREL, BEMNETIIEEMBINELRD.

(D <0, IRD5 |o] <oy DEZF 7=0. DEOHIBUEOTHSETURL. )
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Description of viscoplastic behaviors

@ HHRIMIBIEE) K SHEIIEBESR

N

EREERZ, HMENK

o &, €
€,
é] 7\ 3
o Jog
EEZR, #tEnh J O
g d St O §
: S
NS
€

(a) U9 HRE (CHF LTI NISE
Strain-rate dependence of
stress response
[FPVWER(FERSIRIENISEZ R
9.

The faster the deformation, the greater the
stress response.

E7J W >
= 2
&
®
g ¢
8 @
high > moderate
s 3(\\{ T | stress

low stress

| time

(b) —ERHATDII—-T0VI'H

Creeping at constant stress

BB IHhZEERIcHE, —FEIWHIT
REFTDE, BRERBCHED THEE
HOFTHNETT S.
When a certain stress is applied and then
held at a constant level, viscoelastic strain
evolves over time.

00

(o y

R RRRIB (SIS DEFIL,
PORC—ELNICIED.

The stress relaxes as time passes,
and eventually reaches a constant stress.

constant strain

time

() —TEOY H CTDILHHEFM

Stress relaxation at constant strain

HDVOITHESRIHE, —FEOTH
THRIFI DL, RREBCHE> TSN
HHEFL, PAT—EILNICRD.
After applying a certain amount of strain and

holding it at that level, the stress relaxes over
time and eventually reaches a constant value.



SERSFMEEEETIL FEZBERNA)

Various viscoplasticity models (Viscoplastic flow rules)

. 1 1
@® Bingham £F /)L : y=-=®(o,0y) = =(lo| —0oy) ford >0
Bingham (1916, 1922) n n
i |O_| 1/6
@ Perzyna EF )L : v = —(——1) for® >0
Perzyna (1966, 1971) H\ Oy

. 1[[ o\ €
@ Peri¢c EF /)L : Yy = —[(—) —1] for® >0
Peri¢ (1993) M1\ Oy

N
AV . 0- "
@® Norton EZJ)L: vy = (_|/l|) « R EFREZ BTV ETIL

N

— . o .

@ Lemaitre-Chaboche £ JL: vy = (u) exp|a |0-|N+1] = WHHEE S BREEELBVETIL
Lemaitre and Chaboche (1990) A

FEDOEMNCE, STSFREROHBRETILNSGS.
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Various viscoplasticity models (Viscoplastic flow rules)

@ Perzyna T /L :

Perzyna (1966, 1971)

@ Peri¢c )L ;
Peri¢ (1993)

>~

FHEBME(ICEIT /(S X —%
M, € ZRRAIMEICUTETEL
Ble LA (CRT .

BRUER(CHETED XD CHRRULIE
[TEREmBELNETIV] ZRAVETERR.
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BI(CRI T DiRET : #HE/\SA—5 u OFZE

1/e = 4.05 #EE L T5tE

1000

FE:

Perzyna €5 )L |

Axial stress (MPa)

500

&n(/s) ]
< 1.0x 107
- 10x107? 1LOx 1077 1
1051074 LOx 10-10
e

—— Rate-independent |

% 002 004
Axial strain ()
JL
2 . 1000 T T T T
., — Zn(/s) 1
e 1.0% 1072
Peric )L [ |
PN Lox 1074
& L 10x10° 1
I 6
= | 1010 —— Rate-independent |
a
£ 500 1
7
= |
=
% | |
/
/ )l
% 002 004

Axial strain (-)

u=296s

Axial stress (MPa)

Axial stress (MPa)

wBOA— BE . TERETETI/LICLDEIBMNMEBMEEET. EARIFDigital, 202658 A FI1T (ISBN: 978-4764907942), £58.68f.
1000 T T T T 1000 T T T T 1000 T T T T
&n(/s) J L &n(/s) J &n(/s)
~~~~~~~ 1.0x 1072 1.0x 1072 e 10% 1072
—————— 10x107 1L0x 107 ] 3 1L0x107 LOx 107 1 ~e 10X 107 Lox 107
LOX 107 1L0x 10-1 < LOX 1074 1.0% 10-1° < LOX 107 1L0x 10-1
1.0 % lO’(‘] 0% 10720 ! % r 1.0 % 10’; ,,,,,, 10% 10-2 1 % 1.0 % [o’; 0% 1020 E
L 1010 — Rate-independent | < L 1010 —— Rate-independent | ©10x10 —— Rate-independent _
a a
500} 5 500F 4 00
7] 7]
b 1 = t =
g 2
< L << :
00 0.02 0.04 OO 0.02 0.04 O0 0.02 0.04
Axial strain (-) Axial strain (-) Axial strain (-)
1000 . T . 1000 . . + T 1000 . T .
L £n(/s) ] £n(/s) | &n(/s) ]
1.0x 1072 e 1.0% 1072 1.0x 1072
L 10x107? J L 10x107? J 10x107? J
Lox107* ~ Lox 1074 ~ Lox 107
L 1.0% 1073 & L 10x 1075 ]l & 10% 1073 J
,,,,,,, 6 PR 6 P 6
L 1010 — Rate-independent | é L 1010 — Rate-independent | é 1010 — Rate-independent |
@ «
A a
500t 1 2 500 1 8 500F ]
@ ]
L 1 = J = L J
S 2
L ] << L ] <<
0.02 0.04 0.02 0.04 G0 0.02 0.04

Axial strain (-)

u=296s

Axial strain (-)

1= 2960

Axial strain (-)

1 = 29600
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B (CEA9 DARET

BRJE

&%

105N

EI\SAXA—%5 e D

B/ %8B
5'/ =

u=296s ZEEL CEHE

t Eﬁ N O SO OO SO AU SE SN
‘ 400
Perzyna €7 )L
76
a.
3
-
A
g
@
©
< f &n(/s)
< | 1.0% 107
] 1.0x107 10X 107 i
i 10X 1074 . 10
i L0x10° I
....... -6
1010 —— Rate-independent
OU 0.02 0.04
Axial strain (-)
- .
.7 —_ [ 1
Peri¢ )L
‘©
[ J
=
=
a
(]
E ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
©
X £n(/s)
< 10x 102
1LOx 107 ]
1Lox10*
10X 107 |
,,,,,, 6
1010 —— Rate-independent
OO 0.02 0.04

Axial strain (-)

1/e = 4.05

wON— &E
i
a
=
7y
a i
4 ;
2 200}
= |
5 [ én(/s)
<C | 1.0x 107
| J— 1.0x IO’j 1LOx 107
| 10X 1074 ... 10
. L0x 18_2 ,,,,,, Lox10
Ox 1 —— Rate-independent
% 002 0.04
Axial strain ()
400t 1
©
s I j
3
Py
a
g
@ 200t =
= / )
b~ &nl/s)
< [ 10x 102
< LOX 107 1
Lox1o?
1LOx 107
7777777 -6
1.0x 10 —— Rate-independent
0 ‘ G
o 002 004

Axial strain (-)

1/e =20

Axial stress (MPa)

Axial stress (MPa)

 FEEEETIVICL AR HB LA

200
./ én(/s)
| 1.0x 1072
Joees 1.0x 107 1.0x 107 1
i 1L0x 1074 .. 10
[ Loxios oo
Lox1 —— Rate-| |ndependem
% 002 004
Axial strain (-)
400F 1
200
[ én/s)
| e rox 10
[ Lox 107% 4
| 1L0x 104
10X 107 |
7777777 6
1.0x10 —— Rate-independent
% 002 004

Axial strain (-)

1/€ = 100

WEARIF+EDigital, 2026F8 AT

Axial stress (MPa)

Axial stress (MPa)

(ISBN: 978-4764907942), 558.6£f.

400+ ]

e 0 OERERSELEE,

BHEIHMKFOHBEETILD |
IGE(CHE LR L ?

[
(=3
S

énl/s)
1.0x 1072
1.0x 107
| 1.0x107*
| LOx 107
10X 107
O0 0.02

Axial strain (-)

LOx 107" 4

—— Rate-independent
0.04

€e—> 0 DESE,
VITHREICLST
FOREIMRIFOEEBEETILE
A—DIEZERY

200F

&nl/s)
1L0x 1072
1.0x 107
1Lox10°*
10X 107

-6
1.0x10 —— Rate-independent
0 : ' ' i
0.04

0 0.02
Axial strain (-)

1/€ = 1000
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Topics covered in this lecture

BEISA ROEO—ED
IR AIRE:

SMINTNZED) B TFROSEBHENSEIALTHENET.

BRI OIRIR SR, FRILEMR, 2012. [ISBN: 978-4627920217]
Some of the figures in this lecture slides (those with figure numbers) are quoted from the following reference book:
E. A. de Souza Neto, D. Peri¢, D. R. J. Owen (2008)

Computational Methods for Plasticity: Theory and Applications. Wiley. [ISBN: 978-0470694527]
(Japanese translation) K. Terada, ed. (2012) Morikita Publishing. [ISBN: 978-4627920217]
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FERRIE B IR E R OEAR T O—

mErEfHlHOBS BIRETILDOT—F AN UEE] CCTEROENIEREIEZZE U BRE AT T
(183 (3 total Lagrange 5%) (EiBiE, BRIBH, TACREOEREM, MR AUBSN3#E X ZRUTWEY. UL IIEE4EIDEERT.
T, BTV TOHIHIS A —512 &)

2

TRIEE DINTE,

> SIINL NLDHHIIT Assemble Feyn+1
1
& “rlx —> EREIEATHIDMEH I T Assemble Kf,'i)l
Rit
& N i
@ =~ .
g1 ﬁ f TRIALTSIE RO Solve Kfl’i)l 6ui’i)1 = —Riﬁ)l to compute corrector 6uf1'fr)1
NEom | ) (k+1) ) (k). (k+1) (k+1)
+ et — = : = :
AN PO e 25451 & BB OB Upd?}ffl )A"n+1 : A(:fr)l + 5“n+15k+?)n+1 =u, +Au, 1 and
ﬁ = gm — ¢ Xn+1 =Xp + AI“'n+l =X+ un+1
& = elem

= 0§l OFBERHOHE (REH) Compute F = Y"™x, ® (IN,/0X) ~ E = (FTF - 1)/2,
— b (@] . . .
N % D% — J and then, compute stress § := F(E) via constitutive model
A |S ) =
N ﬁ lC et AT NILDBHILT Assemble F.(k+])
X <_> g _ int,n+1

n=|<
i oz < 4 .
= ne KENND NLDFE, R+ . pk+D)

No DOAVKOURF Ty 2 Compute R, ;" = Fiy et = Fextns1, and
k=k+1 iYes check convergence by ||R,(llfr";l) || < TOL
EEOEH (k+1)

Update (®)n+1 = (o),

(EREEAR, 57, BRI DRI E)

=
I
S
+



BIREZREEF(CH T DEMRAID1ZE]

BRETILDT—F AN

(EiREER, BRIER, BAICHEDRREM,
EH, BHRATY TOHIEINSA—512E)

2

AERHOSRS

(T8 = (Z total Lagrange %)

N TIEEDDRIE,
> SIINL NLDHHIIT
3
2 N — SERBIETEI DBHIL T
& Sl )
gl. & |2 BIAC SRR DR
. T‘IE +
AN - ¥
Sz B | 25411 & B B DIRE
o SE| . !
my 3 < S| _
= | sl VP HEBNDEE (REH)
J ) Rit- —g_ ™
— Ly ~
N T v
Ik Hel= AN NLOIEHTIT
HPEI§H @zl A3
i 2Z BENAD NLOETE
~ n ~ A El
No SOANRDINEF T v 2
k=k+1 lYes
EEOEH

(EREEAR, 57, BRI DRI E)

=
I
S
+

MEBRAIN' BN D D(E, £ARTO—AD2EFITENT |

3
(e) 0N, ONp,

(Kt aplis = ‘/v«’) ZIF”(')X CIKJLFJJaX av

Assemble Fextn+1

3
ON,
[Kges o )is = / " KZLL BX; SKL 5z/dV
Assemble Kfl]:)l
Solve Kfl’iléufl’i)l R(k) to compute corrector 6u(k)
Update Au,(::l) Au’(llfr)1 + 5”51?1’ ur(l]:l) =u, + Aug:l); and
(k+1) ._ (k+1) _ (k+1)
X = Xn + AI“'n+l =X+u U,

Compute F =3 """“xa ® (ON,/dX) ~ E = (F'F -1)/2,

and then, compute stress S := F(E) via constitutive model
Assemble Ffrﬁt:il @?&

o SRR TOWE
(k+l) (k+1) (Gausst&Esr=a)

Compute R Flnt a1 — Fext,n+1, @and

(k+1)p ?
check convergence by ||R || < TOL

n+l

(k+1)
n+l

Update (®)n+1 = (o)
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GRS ol Logange %) | (B3, s, sucanomnar, o _c=% )
! . OE
N RSB DKTE, /
” HANRY NLOEHTIT 5 /
ON, ON,
\ [K;ea)[,a,,]ij = / Z [P e CixsLFjy BXb av
& T ERAIETSI DM I T v E . )
g 1 L BRI DEEZ
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NEooE |z v
Sz B2 M0 & B RO
(N — ~ A 2Ly
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my & 7\ < — 1LY S
& | 2| - VI HEBHOEE (REH) > HBoEEAEEl : S = 7:'( E) o = 3E ° Dr
— Rit N
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N (=} S Sl ¢ _$ -C —B
Ik Hel= AN NLOIEHTIT = : =
X azleS
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Necessity of numerical algorithm for elasto-(visco)plasticity model

o iBRkHIDOEMEIEE RRATICANS

Basic theory of constitutive law ﬁﬁi:‘f?) l/biy%in(il
ILICHENTES...?

e ﬁg*ﬁ';(‘j% & a_ %*Z*SI- (:ﬁ L/ E*EEE:E;} l/ Once a constitutive model for analysis is determined,

Constitutive model suitable for a material being analyzed can the analysis be performed immediately ...?
2

R OIMERAREES TS ? 4

How can we actually perform the numerical analysis?

e BYIRETE7ILTVUX A
Appropriate numerical algorithm
¢ JOUSLRER QA-—Y-HIIL—FRE)

Computer implementation (User subroutines, etc.)

BSHERRETILE, BYIREEZILVITIVXLKEENESDT,
(FCHTEURHFETNERIRTES.

Numerical analysis can be executed properly only when proper numerical algorithm and
proper computer implementation are ready.



i (#) BEEFTILOSHEILITYXLAOREN : #tDiES

Necessity of numerical algorithm for elasto-(visco)plasticity model: Case of elasticity

@ En ATV (K¢, [CHE) TORREHLBEIAT
HdEE, B+l ATV (Bl ¢, (CHH)

(8n+1, Ons1) - Unknown TOEEZIROT=LN.
(sn, O-n) : Known /
O
b J
2 he Ry ZORFY TEDVTIHES As HMFZ5NT
? CNHSEE | B, RRFYVITOVTH
T TETOREME E,41 = &, + Ag
=TLTLS. o o
. (CHIEUTEIES 0y REDEE RO DETE.
0 Strain, &
DFED, ERECAKEURVER
. . . \ . mB5(E, SECHNT “RTY
@ SHEABRL R 5, mhEUTHO—T—EHENSBBIDT, FEADIESY % BT BINEN
(TR FR<) W|NEWNDSTE.
TR (LR - ‘
g‘fgr_ggé;ﬁa’ o JERACHMTH O TE, Bl ¢, , TOUITHNMEZ 5NN,
}I_.\L;jji& 0-n+1 — T(8n+1) &E*&E’\](:§1—%T35

o BT, OTHEBICTHED T
ISHREZ S ETED T D2WENDD.
(BRZERZ D) (— ~TEF)
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Necessity of numerical algorithm for elasto-(visco)plasticity model: Case of inelasticity

@ En ATV (K¢, [CHE) TORREHLBEIAT
HdEE, B+l ATV (Bl ¢, (CHH)

(&n+1, On+1) : Unknown td)gﬁ%%:ﬁ&)tb\
(&n, On) : Known /
(o]
3 ==,
g he Sy ZORT Y IBMDVTHHES Ae HEZBNT
2 TNDSEE | B0, RAFYITDOOTH
ZCETOMMIE E,41 = &, + Ag
ST LTV, o _
0 (CHIEUTEEA 0 R EDFERR RO DETE.
0 Strain, &
@ SHEEMIERK A T, ©hEVTHO—T—BEFENELDT,
(&n+1, Tp+1) : Unknown

FIRTHOEN I TH IR 1, DIREEZESE LT, (60 Koo/
BERAXRAS [1,, fy1] COSTEICK S THHA 1, TDEE

Stress, o

ERDBVEN DS,
. _ . _ NEPIRREZ B R E YT
COESFEEIS 1, SIS0 HER(C ST -
BOTHRITBTECED, SEACBENER [ e TELL
0 Strain, &

NN —OF HLENKDHSNS.
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Calculation procedure for elasto-plastic models: Overall flow and input/output

(&n+1, O n+1) : Unknown

(&n, 0p) : Known /
\ (o]

3 “Ae INRTOENEHNTHDIHA ¢, (FEn AFTVT) ODIREZESRELT ’
g BFREIXRE £, tas1] (Fps1 =t + At) _‘C‘@ET%(CJ:D T

@ (%l ¢, (BEn+1 AF7vT) TOHEEZRDHD.

(£2,072) , _ .
Given the state at time ¢, (n-th step), where all quantities have already been calculated and
(&1,01) are known, we will calculate the unknown quantities at time ¢,,, (n + 1-th step ) by
0d (&0,070) computing over the time interval [, 1] .

0 Strain, €

e R 7 : BN

E&%D% Known variables

Ens 85, ég Calculation of constitutive model Output: Updated variables
S4B F Elastic predictor ( p =P
K B3 /BRI Loadi [ Entl> €541 80410 €
ljj : U@‘E’ji%ﬁ B 1a]/PRMEIFIXE Loading/unloading judgmen
A —>wvE>Z Return-mapping On+l1, O-y,n+1

Input: Strain increment

Ag (= ens1 — &n)

“Strain-driven process”
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Calculation procedure for elasto-plastic models (Overview only)

@ HIBEIERKE (CHITD
RN (CEFE/ IEEFS IR TRRE TR, FSHZerCHU\TRIEEEE T B IERE &

- B E R LT
GER : BBBISHOBERICES < HEBrHERAITE, —OSNEERENR. ) 157 EDMBRFRERLIZED.

Updated stress o7,

A,.) >0 (NOT admissible!)

" o0

n+1?

() Updated stress o,

Updated stress 0, ¢ (0,1, 4,,)=0

D(0,,1,4,,1) <0 Elastic domain

Elastic domain

Elastic domain

N Yield surface at tn+l " Yield surface at th+l " Yield surface at th+l
®(0,A,,1)=0 O(0,Api1) =0 ®(0,Api1) =0
IwapaN = ZyNi LAl JGNNERED L (CRDOTND JENHBFREDOIMA(CEH D
(GHPEIRER) (BRRIRRER) .
o IS

= IS = e & SN EGSREAEI SR TRESD |
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Calculation procedure for elasto-plastic models (Overview only)

@ Step 1. BHMEHITRT YT  BOATODISENHETHD LMREL T, ST HZEETS.
& Bfal/BREHITE © S8 or 221 ?

@ Step 2. BHAEIER STV T 1 US—>2 v ESTICKDIFFE/ASNZASIREETIIERT.

trial ;i ;
o Oppr (Do, AT > 0)

n+

Step 1:

! X Step 2:
Elastic predictor step

Plastic corrector step
(Return-mapping)

On+l Yield surface at £,

/43(0, Api) =0

[0} o.trial’ Atrial <0
( @it A1) ) The yield surface expands
as plastic hardening proceeds.

\Yield surface at 7,

Elastic domain at #,
O(0,A,) =0

Elastic domain at £,
Yield surface at #,

N (o, A,)=0

BEHIET It CHESNTHE

= FFEIRRERDTETERT.
BEHIET "B SHESNTIHE

= ISR OTYSY -2 XY ESTTEIERL.
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Calculation procedure for elasto-plastic models: Elastic predictor/return-mapping algorithm

TRTTHEBEET)ILOBETFAF /S —->2vEST - Z)LTUX A

Elastic predictor/return-mapping algorithm for one-dimensional elasto-plastic model
(FRAZEME + $RAZAE{EODIZE)  (with linear elasticity and linear hardening)

@ Step 1. Known values &y, eh, & and input strain £,4+1 = &, + Ae with incremental strain Ae

@ Step 2. Compute elastic trial values and yield function at trial elastic state

etrla] p _ e . trial . e,trial X _p.trial ,_ —p, trial ._ -p _ .
Eppl =Enrl—En=&,tA8; o, =Ee " =0,+EAs; & =& Oy, =0yt HE;, = oy u;
trial . trial trlal trial =
q)n+1 (D(O- n+1° y n+l) - | Op+t1| — (O-Yo + Hg)',n)

@ Step 3. Loading/unloading judgment
If ®U < 0 then Elastic step: Ay =0 ~> Set (®)n+1 = (9)'] and Exit.

n+l

Else if ®™4 > 0 then Plastic step: Ay >0 ~» Proceed to Step 4.

@ Step 4. Return-mapping for plastic step

trial

o= n ) = EAy Gk p trla] € o P
s E+H 7O e = (1 ) | wiall [Tl Sy 8n + Ay sign(o,, Cnvl = Cn+l — &, 0
n+l
P ._ =p ) _ .
8n+1 =é&pt A)/, Oy,n+1 = Oy0 I H8n+1
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Summary
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— RTEFTILOER LN S HEFE
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Appendix A. Various plasticity models: Shape of yield surface

@ TSN o, 00, 03ZFKERE m FHICEAT DEREIR (6,1, ) FRRNRIR

(o)
Hydristatic stress axis 7202
1 ,Aff"//t\\‘\\ (01 =02 =03) H)drisl:llicbll'c»zl;ls (0'1,0-2’0-3) — (0-'1’0—’2’0-’3)
S~ Space diag('mul Dn/4 1 s
B | 02 BAFEDD (C /4 DIEEER
I
I
o Step 1 o) [cos(r/4) O —sin(x/4)] (o
K | aht=| 0 1 0 o
g [ sin(mr/4) 0 cos(x/4) | o3

2
&
r
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o o EEDDIC cos™! 1/2/3 DEEER

oy
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(o1 =02 =03) : !
ayb=10 V273 -1/V3|{a}
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Appendix A. Various plasticity models: Shape of yield surface

BIR—ZD2ERPE D LIS IADFE AL,
g
g2 =
g3

— 2 1! l 17
= 30’2 +%0'3

1

_ ’’ 17 ’’

o ———0, + g
v2'ove? v

7
02, 07,

1/V2 0 1/\/51

10 0 (o
0 1 0 [0 V273 1/\/§H0"2’;
-1/v2 0 1/v2[lo -1/v3 273] o}
1

EO',I,—%O';‘F%O'Q,

o =& 0f =, 0 5 ERITELTS.
Ip=01+0,+03=3p= \/ga'g’: V3¢ ~ = V3p #EELT,
L (p=¢/V3: HIEBEGH)

o 2755—%771“ 7§§

B \@H 1, = BKEsh & 7 FECETS
BREIE (£,1,0) [CKDER

1
BT A LAV

RR—DAFEL &
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Appendix A. Various plasticity models: Shape of yield surface

& n,0) ZRAWT, BHT>VIL 0 DEAFRZEEUTOLSICRICENTES.

I,T=0'1+0'2+0'3=3p= \/§§

1
1 Iy = 0109 + 0903 + 030, = £ — —(§2+772)

L S S
£+ \/6677+3\/6n

IH = 010203 = —g -

33 2\F§(

REXENE Odeva =00 —p (@ =1,2,3) BDT,

B 1 1 2 = —~ =

Odev,l = @f— 7677 2T, REWHTVIL Ogey DEEAARZEE
2 i IU'dev = 0

OTdev,2 = Y

wa= 30 L

1 1 IIa'dcv = _E(f +T] )

Odevy = ——=&— —=7 7

L xf e

RR—AFEL =
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Appendix A. Various plasticity models: Shape of yield surface

@ It 0, 0, 03 EERKITENE DD OMRFEIREZ (7, Gg,é) (C KDBDERRNAZH
Lode(DFEE
E=rcosls  ¢ynspEsENO
n= rsin és A%z 0, £TD.

INZzRAWSE, FISHEUTOLSCRI ZENTES.

r 2 (= 2 1
o = \/;rsm(é’s + 5”) + 735“
(1 =207 =2 03)
2 1
e \/;rsmb?S 7§§ .- §$7KE$H]$T)_’OUD
2 2 qui%]}r:g*% (r’ 05’ {)
\/grs"‘ 37 5 [CRBFER
RECHT VIV O ey GDEZKZ:Z{‘E(I
i Io'dev =0 2
1 r= O'dev 3 q= tI’(O’ dev) = ||odevll
__1s
4 et GV & 1 3v3 I
73 ) b = 3 sin 1( > 70"“3/2) @ LodeADERDVED
llly,, =~z sin30, (o)

RR—DAFEL &
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Appendix A. Various plasticity models: Shape of yield surface

@ LodeADTEE (W<DODHIDN\UI—->3>2105H3)
C ZTIFFE=MABFEDERL (principal branch) ZHS.

6, = - 0, = — si
s= 38 2 (-1, )" s = g s

1. 1( 3v3 I, ) 1
Sin
3 3

Stress state (o = 02 = 03)

Triaxial Extension o1 > 02 =03
Pure Shear o9 = (01 +03)/2
Triaxial Compression 01 =02 203

Range of Lode angle ==

(3 V3 1y,

2 (-, )37

—/6
0
/6
-n/6 <65 <7/6

1 -1
) 6. = = cos

3

—r/6
—n/6 <05 <7m/6

AR LTZ 0 D
E&EEFIN.

(3«/5 117 )
2 (I, )32

/6
/3
0<6.<m/3
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Appendix B. Description of viscoplastic behaviors

\y y, 3 =
@ HAIAY IR ER LR ES 8§
_ “ P BERIHEIB (AL VS AMBRIL,
ERER, MK g ¢ PR T—EBAICIRS.
o £, € high (;d S moderate Y The stress relaxes as time passes,
: stress AN O | stress and eventually reaches a constant stress.
; 00
5}
€ ;\ & constant strain
&
IGRZERY, REHVN D O Oyl-memmee o - .
1< £,< &, O & low stress
2< &; S
~ Q? _
E | time time
(@) U9 HEE (CHTF LTS DIEE (b) —EISHTDII)—-TUVIH () —EUVT H TDILHHEF
Strain-rate dependence of Creeping at constant stress Stress relaxation at constant strain
stress response
BN ZEARTCHE, —ERNIT HDVOITHESRIHE, —FEOTH
IRIZ » N A \ ’—\/ Wy J ,_"
FPVETEE ERSIHLIIBEZT RIEFTEHE, BRIRBICHS T2 TRETEE, BB TS
3. BOTHIHETS 3. PMERIL, R C—EGHICRS.
. When a certain stress is applied and then After applying a certain amount of strain and
The faster the deformation, the greater the held at a constant level, viscoelastic strain holding it at that level, the stress relaxes over

ress r nse. i i
stress response evolves over time. time and eventually reaches a constant value.
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Appendix B. Description of viscoplastic behaviors: (a) Strain-rate dependence

HAI IR 2B D)

EREERZ, HMENK

Q

&
€
€

XEZEFAZ Rk \,
8,< £,< & RRZERZ, #EHVN

€

(a) OF HRE(CHKTF LIZISHIEE

Strain-rate dependence of
stress response

([FPOVWERFERSRACHILEZ R
9.

The faster the deformation, the greater the
stress response.
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Appendix B. Description of viscoplastic behaviors: (a) Strain-rate dependence

—EOT HRECOERLSRDBIEZEXD. MEDIHIFEL ( oy = const.) ZIRET D.
UG T, 0 = Ee (0 <oy, le,e<oy/E) ZTTe& =o0y/E &B<.

® e aEz T
BUFTE, HBHERSNECD o > 0y, £ > 0y/E DESHEEZR, HEBIERBNHIAT 30T H
@U@(%‘b\/}\ﬁt‘—f_}i SN3E9 3. E:;cl)nngtt\;]v:|é:|f;;/t|iscclci)rp:1list|c flow initiates

e)=e"+at (a>0:0FHRE; =0 HBEREOBRIARES)

AIROFLZMHERNAl (DO e =1&93. 1 >0) LD,
_ b _gP
(1) = llit) ~ 1] _ l[E{s(t) eP()} 1] _ l[M _ 1] _ L*[m_gp(t)]
[ 7 7 pe

Oy Oy e*
ERZEME : P(0) = 0 = #BMERBIDRIAIE S
CORFEICBIT D ARATAR - Sp(t) — a[t _ /18*(1 _ e—t/(ﬂg*))]

WMoHnENZ#ES &,

cn% o = E(e— &) ARALT, o(t) = oy[1+au(l —e™"/#e))] )
DO =
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Appendix B. Description of viscoplastic behaviors: (a) Strain-rate dependence

& D= e(f) =& +at ~ 1(s) = 2 CNEBMA—SOBBARATSE .
a

ISH o VT H ¢ DREFEMNEEND :

o(1(e)) =0-y[1+(I/,[(1—e{l/(lla)}(l—s/g*))], 1_; -

R , SEEFY (¢ > o)
@ UOIHEEah =200 FEERSK (u — o0)

WEEDEE : lim o (t(e)) = oy ~» HEIT GREIHES) o2 "“fg‘” =0 —
a—0 DIHE (THT E &
e . “ s 8 ﬁ‘/ ou=05
WSRO lim o (1(e)) = Ee ~ HIEEE (Coin E |l &) FEET (@ 507
1/ A (= 0)
. *IEEE"E/ (’5%—9 ,u 73“ % T : rate»lndei)f?dent limit: ou—»0 7
2 SRS E (REIHET) [CHET S

BHTNENEE hm o(t(e)) = oy ~» FEIE (REIHEST)
DIE (L/éﬁL

Slagg;
e Slo,
Pe

BMHTARENEE : lim o(t(e)) = Ee ~ WSS (C#hm 0L — ;- |
#—)OO

relative strain, e/e*
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Appendix B. Description of viscoplastic behaviors: (b) Creep

@ AR IR D) N

&
S moderate
T | stress

€ high &

stress

low stress

| time

(b) —ERHATDII—-TVI'H

Creeping at constant stress

HBCNEE5RTZHE, —ERNTHRIFIDE,
RSB (CfH > THEBMO I HINEITT S.

When a certain stress is applied and then held at a constant level,
viscoelastic strain evolves over time.
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Appendix B. Description of viscoplastic behaviors: (b) Creep

BEDIZSD, ZTEIFEL (oy = const. ) ZIRET .

FUSHIEC, =0T ”HE;FEFJE’J” (CEI3RIGD 0 > oy ZFASES. %I () TEMUIELD(C, MmERERD

B2 (BN (IS Z R T

g
oc=FE¢gli=0 ~» &l=0= = =0 = MEEERFDEEIHIENES

ZD%, I6Hh%E—TFE (0 =const.) ([TIRIFTD. COEED &° & P OB ERTTTB.

SMERBRLAN(C KNUE, —EDRDICH U THEOTHE—E: (1) = &[0 = % = const. ... (1)

RARE - BRRMFIENMERU\EIEZEE X TUVD (not #5HE).

/

—73, HEBHOT HOETIIRHBEOHEBERNBITEASNS !

1 /e 1 1/€
&P = ysign(o), 7= _[(@) — 1] eP(t) = _[(@) - llt - (2)
M Oy o = const. > 0, oy = const. H Oy

R EE L CHES .
DO &



{IE%B. #5ZBMEFEIDRIR : (b) VU—T

Appendix B. Description of viscoplastic behaviors: (b) Creep

) 1/e
—| - 1] t s 41

ek

= DOE
e o o L|(lo
RINR—20D (1), ) £D, g(r) = = = ol
=, Pa /.l
— o€ p =
e=¢ +&" ZEtHI DL
’ \ Y
= &°(¢t) = const.
N g
/&
B
€y high ,—f’fj @ moderate
stress N stress
N
EKEFROU-T%
KT D.
The above equation describes ]\
primary creep. / qu}
N f low stress
O §
&5 £
NN -

time

= &P(t) = (const.) X ¢
(1) = ) ® 2R~3IROU—TFEER TN

3ROV —THROREHEEOER CEEL TS SN,
EiRA D FOREH TR BEETIV TRIRESNS.
Tertiary creep is associated with the evolution of internal damage in
the material and can be represented by a “"damage model” within the
framework of continuum mechanics.



{JE#%B. #MEBHEFEBORE : (o) YSOTE—>3>

Appendix B. Description of viscoplastic behaviors: (c) Relaxation

@ HAIAY IR ER LR ES

RERIRRIB(C VSO DMERI L,
PAT—ERNIC/RD.

The stress relaxes as time passes,

and eventually reaches a constant stress.

00

constant strain

(o y

time

() —TEOY H CTDILHHFEM

Stress relaxation at constant strain

HDVIHEE5RTcHE, —EOITHTRIFID L,
RSB (CH > TIEANMEFIL, YOAT—EISHICIRS.

After applying a certain amount of strain and holding it at that level,
the stress relaxes over time and eventually reaches a constant value.
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Appendix B. Description of viscoplastic behaviors: (c) Relaxation

fIEDIZeh, TITIE oy = const., € = 1 LIRET S.

FUSIC, Bl ¢ =0 T “BEN" ([C3380T% £ (> 0y /E) ZERSES. %IC (@) THRLRZELDIC,
SR e OES RN CRETEERT.

BRBEZOIENE 0|20 = Ee, BHEOTHE %0 = &, HBHOTHE ePloo=0 = IESEEED
[EEIEaEdLI e

TDE, OIHZ—TE (g =const. ) ([CIRIFITD. COEETDILH o ORFETLZRETT B.

o(t) = Ec®*=E(e—£&P(t)) = Ec —Ee?(t) =09 — EeP(r) ..(1)

-
= 0li=0 = 09
TEBHO T HOFEA
1/e (M ZRA 3 .
P = l[(m) — 1| sign(o) = l[i_ll &P(1) = llw_ll = l(@_l)_igp(t)
e=1,0>0 — )

= C =:C2

DO &
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Appendix B. Description of viscoplastic behaviors: (c) Relaxation
= DO
HIR—2DQR)KD,

EP(1) = 1 — 2P (1) = 1w szt

MEASAE  eP(0) = 0

AR ZANMNMNRATD &,

o (1) = E(e — (1))

= a0 — (00 — o) (1 — e E/HoT) 4y

o(0) = o9 > oy
o(t — ) =0y

P =L1-e) .0
(%)

Nz &,
A (CHE VS HHEF U,
o, PAT—EGNCRB.
The stress relaxes as time passes,
o) and eventually reaches a constant stress.
constant strain
()-y —————————————————————————————

\

time



